We review recent applications of the Two Body Dirac equations of constraint dynamics to meson spectroscopy and describe new extensions to three-body problems in their use in the study of baryon spectroscopy. We outline unique aspects of these equations for QED bound states that distinguish them among the various other approaches to the relativistic two body problem. Finally we discuss recent theorectial solutions of new peculiar bound states for positronium arising from the Two Body Dirac equations of constraint dynamics, assuming point particles for the electron and the positron.
Introduction
The Two-Body Dirac equations (TBDE) of Constraint Dynamics have dual origins. On the one hand they arise as one of the many quasipotential reductions of the Beth Salpeter equation (BSE) [1] . On the other they arise independently from the development of a consistent covariant approach to the two-body problem in relativistic classical mechanics independent of QFT [2] . In this talk we desribe these two aspects and then go on to discuss applications to hadron spectroscopy [3] , [4] , [5] . The last part of our talk explains the importance we put on numerical QED tests [6] of the TBDE and some speculative theoretical results concerning new positronium states [7] .
Quasipotential Reduction of the Bethe-Salpeter Equation
Two body Bethe-Salpeter equation [8] for spin-zero bound states is The irreducible kernel K is obtained from the off-mass-shell scattering amplitude T T = K + KG 0 T, * hcrater@utsi.edu 1 The irreducible Bethe-Salpeter kernel K would in general contain charge renormalization and vacuum polarization graphs and could contain self-energy terms transferred from the inverse propogators.
and would in general contain charge renormalization and vacuum polarization graphs and could contain self-energy terms transferred from the inverse propogators.
The problems of the two body Bethe-Salpeter equation are its technical complexity and the existence of abnormal solutions excitations in the relative time-energy with no proper nonrelativistic limit [9] , [10] . Recent work with static models has indicated, however, that these abnormal solutions disappear if one includes all ladder and cross ladder diagrams [11] . This supports Wick's conjecture on defects of ladder approximations. In the mean time numerous 3D quasipotential reductions of the Bethe-Salpeter equation had been proposed. In fact, they can be, in principle, infinite in number [12] .
Reductions of the BSE can be obtained from iterating the Bethe Salpeter equation around a three-dimensional Lorentz invariant hypersurface in relative momentum (p) space. This leads to invariant three-dimensional wave equations for relative motion. The resultant 3D wave equation is not unique, but depends on the nature of the 3D hypersurface. We choose Todorov's quasipotential equation [13] which has this Schrödinger-like form
The 3D hypersurface restriction on the relative momentum p = (p 1 − p 2 )/2 (m 1 = m 2 ) is defined by
This eliminates from the start the problems associated with relative time/energy. Defining
The effective eigenvalue in the Schrödinger-like equation is
with w the c.m. invariant energy w = −P 2 .
The quasipotential Φ in Eq. (1) is related to scattering amplitude by a Lippmann Schwinger type equation
The elastic unitarity condition [13] ,
leads to arbitrariness in the Green function
and to the multiplicity of 3D reductions of BSE. Todorov's choice is f (p 2 ⊥ ) = 1, and his equation displays exact relativistic two-body kinematics in the absence of interactions,
The restriction of p · P ψ = 0 on the time-like component of the relative momentum is compatible with Eq. (1) provided
This forces Φ to depend on x 1 − x 2 only through the transverse component,
Thus, in the c.m. frame, the hypersurface restriction p · P ψ = 0 not only eliminates the relative energy (pψ = (0, p)ψ) but implies that the relative time does not appear, i.e. (x ⊥ = (0, r)).
The formal solution of Eq. (3) is
A nonperturbative approximate solution to this equation has been obtained [14] for this for both world scalar and vector interactions which a) includes all ladder and cross ladder diagrams for T = ∞ n=1 T (n) and b) includes iterations that result from the geometric series expansion
The iterations are called Constraint Diagrams. For QED-like field theories, [14] uses a scheme that adapts Eikonal approximation for ladder, cross Ladder, and constraint diagrams to bound states. Applied through all orders it gives for scalar exchange the quasipotential Using
we rewrite p · P ψ = 0 and p 2 + Φ ψ = b 2 (w)ψ as [16] 
For the TBDE, [S 1 , S 2 ] ψ = 0 also restricts the spin dependence ofÃ
with vector interactionsÃ µ i depending on electromagnetic A(r) time-like vector V (r) invariant interactions through respective vertex forms of γ 1 ·γ 2 and γ 1 ·P γ 2 ·P . Scalar interactionsS i depend on scalar invariant S(r) and also vector invariant A(r). However,S i (S(r) = 0, A(r), p ⊥ ,P , w, γ 1 , γ 2 ) = 0. The Pauli reduction of TBDE leads to a covariant Schrödinger-like equation (SLE) for the relative motion with explicit spin-dependent potential Φ. In the c.m. system: (also no δ(r) or attractive 1/r 3 potentials ) b) the covariant Dirac formalism introduces natural cutoff factors that smooth out singular spin-dependent interactions, no need to introduce them by hand as in other approaches. 4 . TheÃ µ i ,S i in the TBDE are directly related to perturbative QFT and for mesons may be introduced semiphenomenolgically through A(r) and S(r) and V (r).
5. SLE have been tested analytically and numerically against the known QED perturbative spectrum. The (nonperturbative) successes for the QED spectrum gives confidence that a numerical treatment of the SLE in QCD accurately reflects the physical implications of chosen invariant A, V, S.
6. TBDE provide covariant 3D framework in which the local potential approximation consistently fulfills the requirements of gauge invariance in QED [17] .
7. SLE with Φ(A = −α/r, V = 0, S = 0) is responsible for accurate QED spectral results.
For QCD spectra we use Φ(A(r) = −α/r, V (r) = 0, S(r) = 0) with A, V, S obtained from the static Adler-Piran potential.
Two Body Dirac Equations for Meson Spectroscopy
Adler and Piran [18] developed a potential for heavy static quarks from QCD. Their model resembles nonlinear electrostatics with a nonlinear effective dielectric constant. Integrating their solution fixes all parameters in their model apart from a mass scale Λ and an "integration constant" U 0 ,
We divide V AP invariants A, V and S that appear in SLE so that
The V AP incorporates asymptotic freedom through ΛU (Λr << 1) ∼ 1/(r ln Λr), and confinement through linear and subdominant potential terms,
We compute the best fit to the meson spectrum using this division of Adler-Piran potential [3] :
Thus, V AP is covariantly incorporated into the SLE by treating the short distance portion as purely electromagnetic-like (∼ Aγ 1µ γ µ 2 ). The attractive (k < 0) QCD-Coulomb-like part of V AP (Λr >> 1) is assigned completely to electromagnetic-like part A. The exponential factor exp(−βΛr) gradually turns off A at long distances except for k/r + e 1 e 2 ./r The scalar and timelike portions (S and V ) gradually turn on, becoming fully responsible for the linear confining and subdominant terms at long distance. The three invariants A, V, S depend on three parameters: Λ, U 0 , and β. We introduce a fourth parameter ξ which divides the confining portion U into scalar and time-like vector parts:
The best fit parameter values are [3] Parameter 
Application of Two Body Dirac Equations to Baryon Spectroscopy
Sazdjian [19] combined three pairs of interacting quarks into a single relativistically covariant three body equation for bound states, having a Schrödinger-like structure. There is no space to develope his approach here. We say a few words about the analogy of his results to that of the two body equations. Recall that for two bodies we have the results
For three bodies, speaking heuristically
where P = N i=1 p i ,is the total momentum (not p i + p j ). Unlike the case of two bodies, the x µ ij⊥ dependence is obained by a more roundabout approach. The sum three body Schrödinger-like which we adopt from his approach is [5] Hψ
in which F = F (w, m 1 , m 2 , m 3 ) is a complicated function of the invariant w and the three masses. We choose Φ ab to have the same functional dependence on S and A as in SLE form of TBDE
Note in the NR limit, F → 1 and ε i → m i . This spin-dependent potential used in the three-body bound state equation is not a result of the reduction of some set of three-body Dirac equations. Rather, it is the two-body SLE quasipotential inserted by hand as an addition into free Klein-Gordon forms. The equation is solved by variational approach [5] .
For the ground state octet the spectral results below (one set of parameters for the entire baryon spectrum) indicate a good fit for the nucleons, high for the strangeness caring baryons but low for the Λ. 
Two Body Dirac Equations for QED
The SLE given in Eq. (4) can be used for QED as well as QCD bound states. For meson spectroscopy, the three invariant functions S(r), A(r), and V (r) fix Φ(r,m 1 , m 2 , w, σ 1 , σ 2 ). For QED bound states S(r) = V (r) = 0 and
The QED spectral results follow from solving numerically or analytically, the radial forms of SLE. For equal mass spin singlet, the attractive spin-spin quasipotential (−3Φ SS ) exactly cancels repulsive Darwin quasipotential Φ D , giving an eigenvalue equation for
For point electron and positron
This has ground state analytic spectral solution [20] with accepted O(α 4 ) perturbative expansion
At short distance, the SLE equation takes on the limiting form The difference is also on order of mα 6 . This does not include annihilation diagram (nor radiative corrections).
These two results are from a very extensive list of numerically computed spectral [6] showing TBDE passes crucial tests, ones not demonstrated in any other relativistic bound state formalism. Sommerer, Spence and Vary [21] have found a particular quasipotential formalism that does give such agreement, but only for the ground state. They also demonstrate that several prominent two-body relativistic bound state formalisms (including the Blankenbecler-Sugar formalism [22] , and the formalism of Gross [23] ) fail this important test. The importance of numerical tests of the formalisms is not for QED, but rather as a reliability test for use of the corresponding formalisms, e.g. Coulomb gauge BSE in QCD [24] . If failure occurs in their applications to QED bound states this brings into question the spectral results of similar nonperturbative (i.e. numerical) approaches applied to QCD bound states.
Peculiar Singlet Positronium Bound States
These last two topics are on peculiar solutions of the TBDE and are speculative with new phenomena predicted for the positronium system. We begin by a critical examination of the bound state equation for point e + and e − .
{−
Based on this equation [7] we find: a new positronium bound state with a large (300 KeV With these behaviors, the probability is finite for both signs
Both of these behaviors are quantum mechanically acceptable near the origin . If L = 0 so that L(L + 1) − α 2 > 0 or the electron is not a point particle then the peculiar solution not physically admissible.
Both 1 S 0 bound state solutions can be obtained analytically. The respective sets of eigenvalues for total invariant c.m. energy (mass) w ±n (n is principle quantum #)
The usual state ground eigenvalue gives standard QED perturbative results thru order α
The peculiar ground state n = 1 has mass
which represents very tight binding energy on order 300 KeV for an e + e − state. Its weak coupling limit is antiintuitive, having a total c.m. energy → √ 2m instead of 2m. The two n = 1 wave functions have the respective forms
Since they are both zero node solutions, they are not orthogonal (although the inner product is small, ∼ 1/1000)
How do we reconcile this with the expected orthogonality of the eigenfunctions of a self-adjoint operator corresponding to different eigenvalues? One can show that the second derivative is not self-adjoint in this context! However, we emphasize the fact that both the set of usual and peculiar states are quantum mechanically admissible states. We admit both types of physical states into a larger Hilbert space by introducing a new observableζ with a quantum number which we call "peculiarity" allowing the mass operator to be self-adjoint, and the set of physically allowed states become a complete set. In particular such that ζ χ + = ζχ + with eigenvalue ζ = +1, usual positronium, ζχ − = ζχ − with eigenvalue ζ = −1, peculiar positronium, with the corresponding spinor wave function χ ζ assigned to the states so that a usual state is represented by the peculiarity spinor χ + ,
and a peculiar state is represented by the peculiarity spinor χ − χ − = 0 1 .
With this introduction, a general wave function can be expanded in terms of the complete set of basis functions {u +n , u −n } as Ψ = ζn a ζn u ζn χ ζ , where n represents spin and spatial quantum numbers and ζ the peculiarity. The variational principle applied to
would lead to
Thus the introduction of the peculiarity quantum number resolves the problem of the over-completeness property of the basis states and the non-self-adjoint property of the mass operator.
If the peculiarity quantum number is strictly conserved it would be impossible for the usual positronium ground state (1S u ) to decay to the peculiar ground state (1S p ) and usual ground state would only undergo the usual two photon annihilation in about 10 −10 sec. We consider possible evidence that this quantum number is not conserved for the full Hamiltonian. In that case we could have that the usual ground state undergo a metastable decay into the peculiar ground state by emitting two photons. We obtain a lifetime of
and a two photon annihilation lifetime 1S p on the order of
This implies that we would see 4γ as the signature of the production and decay of the peculiar positronium ground state. We obtain a small branching ratio compared with the annihilation of the usual positronium ground state into two 500 KeV photons. Failure to find the peculiar state at the predicted energy would imply that electron and positron are not point-like or that radiative corrections lead to less attractive potentials that do not give quantum mechanically acceptable double roots of the leading short distance behavior.
New Peculiar
A closely related state to peculiar positronium is a pure QED e + e − resonance from the highly attractive magnetic spin-orbit interaction between point electron and positron in the 3 P 0 angular momentum state. We find in particular a resonance at about 28 MeV with a narrow width of abouit 15 KeV [7] .
The angular momentum barrier is overwhelmed by relativistic effective potentials at very short distances. The SLE for the 3 P 0 state is
In first term on the right hand side, we see that the angular momentum barrier 2/r 2 is overwhelmed by the net effects of the magnetic interactions (spin-orbit, spin-spin, tensor and Darwin interactions) and the −α 2 /r 2 portion embodied in Φ at a radius of about 2 × 10 −3 fermis. At short distances, the effective potential is highly attractive (∼ −α 2 /r 2 ) but not technically singular. Before going on to the solution of this equation for scattering states, we examine scattering solutions of the 1 S 0 state.
The radial SLE is The lower sign correspond to peculiar solutions and the upper to the usual solutions. The asymptotic behavior of the regular Coulomb wave function is F λ ± (η, br → ∞) → const × sin(br − η log 2br + σ λ ± − λ ± π/2).
Two roots gives two sets of Coulomb phase shifts. 
Summary
The Two Body Dirac equations of constraint dynamics have dual origins in QFT and the classical relativistic two body problem. With the Adler-Piran potential the TBDE gives a very good fit to entire meson spectrum with just 3 invariant functions A(r), V (r), S(r). We use the TBDE in the three two-body subsystems for baryon spectroscopy (we have not yet examined the three-body Dirac equations). The nonperturbative structure of the TBDE makes it more than competitive with other approaches since its QED applications reproduce numerically known perturbative spectrum. Finally, assuming point-like electron and positron, the TBDE predict new and peculiar positronium bound states and resonances.
